Computations show that a two dimensional geometrically nonlinear Ginzburg-Landau model with inertia exhibits long lived metastable states, that have martensite domains with split tips and bent needles similar to those observed in NiAl. In comparison, the geometrically linear model quickly relaxes to states with twins which extend all the way across the sample and have only short lived tip splitting and needle bending.
Introduction
Martensitic phase transformations involve a change of shape in the underlying crystal lattice from a high symmetry phase to several lower symmetry phases. These lead to complex microstructural patterns of twinned laminates that involve a wide range of length scales. These phase transformations can have strains greater than 10% and large rotations relative to the original undeformed state. Many dynamic simulations of models for martensitic phase transformations have used geometrically linear models under the assumption that geometric nonlinearities have a small effect [1, 11, 21] . Analytical studies of static energy minimizing geometrically nonlinear models and their geometrically linear counterparts indicate that there can be significant differences between the two models [9, 14, 15] . These studies do not show whether these differences are significant in physically relevant situations. For a review of frame indifference and the differences between geometrically linear and nonlinear elasticity see [3, 9, 19, 20, 25] .
Viscoelastic models for martensitic phase transformations
The square to rectangle martensitic transformation can be modeled using an isothermal energy comprised of kinetic, strain and interfacial terms, 
Here Φ is the strain energy potential, ρ is the mass density in the reference configuration, U = (u, v) is the current configuration, F = ∇U is the deformation gradient, t denotes time, is the capillarity and x is the spatial coordinate in the reference configuration. By introducing a dissipation potential G(F , F t ), an equation of motion can be obtained,
in which τ = ∇ Ft G and σ = ∇ F Φ. This framework allows comparison of geometrically nonlinear and linear models of martensitic phase transformations. Ultrasonic techniques can be used to measure the dispersion relation in a material from which it is possible to estimate elastic, dissipation and capillarity constants using the geometrically linear model [4, 12, 17] 1 . By using a strain energy function of Saint-Venant Kirchhoff type, the same parameters can be used in a geometrically nonlinear model that is suitable for moderate strains and large rotations [19, p. 250] .
The strain tensor invariants which characterize the square to rectangle transformation are [21] ,
where e ij is the ij entry of the linear strain tensor,
or its nonlinear counterpart,
The second invariant corresponds to the deviatoric strain and is the order parameter which characterizes the square to rectangle transformation. Jacobs [21] simple strain energy model for the square to rectangle transformation is
The constants a 1 ≥ 0, a 2 ≥ 0, a 3 > 0, b 1 ≥ 0 and b 2 ≥ 0 are chosen so that Φ is bounded from below and has multiple minima at different values of η 2 and with η 1 = η 3 = 0. A frame indifferent dissipation potential is
where β is the viscosity. In geometrically linear viscoelasticity, the linearization of the geometrically nonlinear dissipation will be used and is given by the Rayleigh dissipation function
Numerical Results
The evolution equations are solved using Fourier spectral collocation methods with an implicit finite difference timestepping scheme [30] . The simulations use 512 × 512 grid points. The simulation box is 0.1μm × 0.1μm, which as shown in Fig. 1 is the length scale for which microstructure is visible. To relate the model parameters to experimental values, it will be assumed that the computational sample has a depth of 0.1μm. In all examples shown here, the simulations started with zero initial velocity and the low strain energy initial configuration given by and v =y + 10
where x and y measured in μm.
The initial configuration is shown in Fig. 2 (a). To compare our results to physical experiments, parameters that are reflective of the martensitic material NiAl are used. NiAl is examined because the maximum change in the entries of the martensite transformation matrix relative to the identity (the austenite phase) is approximately 13%. This is larger than in most other martensitic transformations [9, p. 49-56] . Furthermore, as demonstrated in Fig. 1 , microstructures in NiAl have bent needles and interesting macrotwin configurations [10, 36, 37] . Numerical results not presented here show that in small domains, when smaller maximum transformation strains are used, the differences in microstructural morphology between the geometrically linear and geometrically nonlinear models are not as pronounced.
A model where Φ has minima only for the martensite phases is simulated. At these minima, the symmetric and positive definite strain matrices in the geometrically nonlinear theory are 11 Kg/m/s 2 to obtain elastic constants of the correct order of magnitude for martensitic systems [2, 12, 26, 29] . To fix Φ, a 1 = 10 11 Kg/m/s 2 and a 2 = 0.05 are chosen so that microstructures computed in both models resembled those observed in experiments as closely as possible. NiAl has a density of 6, 600 Kg/m 3 [12, 29] . The capillarity is chosen to be 2 = 2.5 × 10 −11 Kg/m/s 2 so that smooth interfaces can be resolved numerically. As explained by Dondl et al. [16] , this gives a minimum interface width of approximately 6 nm ≈ 0.25 2 /(a 1 a 2 a 2 3 ). This interface width is up to twenty times larger than typically observed, but allows for fast computations. To test the effect of this, computational results with 2 = 2.5 × 10 −9 Kg/m/s 2 are also presented. Analytical studies suggest that the ratio β 2 / 2 is important in determining the timescale for metastable states [18, 32] . A larger viscosity of β = 0.15 Kg/m/s is used instead of the experimentally measured value of β = 0.015 Kg/m/s [2, 33] , because the smallest value of 2 is larger than expected. Since the simulations are two dimensional and it has not been possible to fit realistic strain, dissipation and capillarity potentials, only qualitative agreement between computed and experimentally observed microstructure morphology is expected. Figure 2 shows that in both the geometrically linear and nonlinear models, there is an initial fast transient to a metastable state which then evolves slowly. Jumps in the kinetic energy which can be seen in Fig. 2 correspond to changes in microstructure topology and these are related to acoustic emission and avalanches that have been observed in other numerical studies [1, 35] . These jumps occur more frequently and over longer time periods in the geometrically nonlinear model. Figure 4 shows that in the geometrically linear model, once a critical time has been reached, the metastable microstructure relaxes to become a simple laminate. Similar behavior is observed in the geometrically nonlinear model with large capillarity as shown in Fig. 5 . Figure 3 shows that the numerical solution to the geometrically nonlinear model with small capillarity evolves slowly. The morphology of the microstructure in Fig. 3(c) is close to that observed in experiment shown in Fig. 1. Figure 3 (d) also shows that most of the energy is concentrated along boundaries between martensitic variants.
Discussion
There are several other computations of geometrically nonlinear models for martensitic phase transformations in the literature [5, 6, 16, 22, 27, 28] , but none of these has compared geometrically linear and geometrically nonlinear models. Only Dondl et al. [16] , Jacobs [22] and Kloucek and Luskin [24] simulate geometrically nonlinear models which include a capillarity term. Neither Dondl et al. [16] nor Kloucek and Luskin [24] simulate macrotwin interfaces. Jacobs [22] uses conjugate gradient energy minimisation to find low energy states. Jacobs [22] shows that tip splitting is either a low energy or long lived metastable energy state, but this study does not use very high spatial resolution or show that the persistence of the split tips is due to geometric nonlinearity which introduces many metastable states.
Kerr et al. [23] observed transient tip splitting in a geometrically linear phase field model but did not find this as a long lived metstable state. Levitas and Lee [26] observed long lived microstructures in a geometrically linear model in the presence of large defects, but experiments by Schryvers and his co-authors [10, 36, 37] do not show large defects near split tips. The results presented here show that even without large defects, the geometrically nonlinear model gives rise to long lived microstructures that are similar to those observed in experiments. The numerical results show that the metastable states observed in the geometrically nonlinear viscoelastic models eventually relax to become simple laminates -as explained by Dolzmann and Müller [14, 15] , this is to be expected in models with interfacial energy. A surprising result is that for the geometrically nonlinear model with small surface energy, we observe long lived metastable states for which a continuum of points on the wells participate. Such states are expected minimisers for geometrically nonlinear models without surface energy as explained by Pedregal [34, p. 59] . Our results indicate that the smaller the capillarity, the longer lived these metastable states are. Hattori and Mischaikow [18] give a proof of exponentially slow relaxation in scalar one dimensional models, and we might expect similar behavior here. [14, 15] have also shown that minimisers for the geometrically linear and geometrically nonlinear rigid well models without interfacial energy can be very different in the presence of boundary conditions. The results presented here show that with small interfacial energy and periodic boundary conditions, long lived states for non-rigid well geometrically linear and geometrically nonlinear models also differ considerably. The numerical results support an idea expressed in Ball [7, p. 40] , that study of models with small interfacial energy can also give insight into models without interfacial energy.
Dolzmann and Müller
The duration of the metastable states is strongly influenced by geometric nonlinearity and the size of the capillarity and viscosity terms. It is also likely to depend on the height between the wells. As explained by Dondl, Shen and Bhattacharya [16] it is possible to use potentials with greater heights between the wells which, if the experimental situation can really be represented by a two-well model, should give metastable patterns that persist on physically realistic timescales of months or years instead of the microseconds calculated here. It is unclear whether such heights are physically realistic. We note that Dolzman and Müller [14] also prove that in three dimensions, only simple laminates should occur for minimisers of the three well geometrically linear cubic to tetragonal model with interfacial energy -they conjecture similar results for the geometrically nonlinear model, but this is still unproved. Nevertheless, this suggests that these metastable states may also be relevant in the realistic three dimensional setting. Alternative possibilities to give long lived metastable states are anisotropic dissipation and interfacial energy terms. The interfacial energy term we have included, 2 
|ΔU |
2 , is crude and gives an interface width significantly larger than is observed in most experiments. It is also contentious as to how to interpret such a model as an approximation for atomistically sharp interfaces observed in some martensitic materials. The physics of interfaces is rather complicated, see for example, Sutton and Baluffi [38] , and so the simple term used here will not capture all relevant physical effects. Ball and Mora-Corral [8] analyse a multiscale interface model and also suggest some other models which may better capture interface behavior.
It would be interesting to extend these computations to a three dimensional model for a martensitic phase transformation, for which it would be possible to perform realistic comparisons to experiments. We note that in the three dimensional case, much less is known about the possible microstructures in the case with rigid wells and no surface energy, see for example Dolzmann [13] or Müller [31] . Most of the information available consists of explicit constructions, many of which can be found in Bhattacharya [9, p. 105] . Numerical simulations here would truly be an enlightening and exploratory tool. Finally, we note that it would also be interesting to augment this viscoelastic model with a plasticity model, both to represent the motion of interfaces and to better explain energy dissipation. We leave this for future work.
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